We introduce the concept of singular values for the Riemann curvature tensor, a central mathematical tool in Einstein's theory of general relativity. We study the properties related to the singular values, and investigate five typical cases to show its relationship to the Ricci scalar and other invariants.
Introduction
Let M be the Riemannian manifold equipped with Riemannian metric g. The curvature tensor for Levi-Civita connection ∇ is called Riemann curvature tensor, or Riemann tensor. The (0,4) type Riemannian curvature tensor is a quadrilinear mapping [1] :
We can verify that
The curvature tensor has the following symmetry properties:
and the first (or algebraic) Bianchi identity:
For the 4D case, there are only twenty independent entries among 256 components due to these symmetries [2, 3, 4] . The contraction yields the Ricci tensor R ik and the Ricci scalar R as follows.
Recently, the tensor eigenvalues problem has been studied extensively [5, 6] . In [7] we investigate the M-eigenvalue of Riemann curvature tensor. In this paper, we will introduce and discuss the singular value of Riemann curvature tensor. For the singular values of matrices and integral operators, one can refer to the review [8] , where Stewart survey the contributions of five mathematicians who established and developed the singular value decomposition: E. Beltrami, C. Jordan, J. J. Sylvester, E. Schmidt, H. Weyl. The first three came to it through linear algebra, while the last two approached it from integral equations.
In the following of the paper, we introduce the definition of singular value problem for Riemann tensor and investigate its properties in section 2. Then in section 3, we study five typical cases, calculate the singular values and examine their relationship to the well-known invariants.
Singular value problem of Riemann tensor
We recall the singular value problem (SVP) of a real matrix A by starting with a bilinear form f (x, y) = x T Ay, and seek the maximum and minimum of f subject to ||x|| = ||y|| = 1, resulting in the following equations:
It is obvious that λ = σ. We introduce the singular value problem of Riemann curvature tensor by considering the following optimization problem on Riemann manifold:
The feasible set of this optimization problem is compact. Hence, it always has global optimal solutions. It has only equality constraints. By optimization theory, its optimal Lagrangian multipliers (θ, λ, µ, ν) always exist and are real.
The optimality condition reads
This ensures the existence of such θ, λ, µ and ν, and they are real. It is easy to verify that θ = λ = µ = ν. We may rewrite the singular value problem of Riemann tensor as seeking the normalized singular vectors W, X, Y, Z and the singular value σ in a coordinatefree manner.
In an abstract form, the SVP of Riemann tensor is defined by the 5-tuple (W, X, Y, Z, σ) satisfying the following formulae:
with
The componentwise SVP of (1)-(4) reads:
The SVP can be introduced in another way. Consider the following associated Lagrangian function [9] .
In component form it reads
from which the SVP of Riemann tensor can be derived. For example, ∂ w i L = 0 yields
That is,
With a bit abuse of the notation, we use W to denote the normalized vector
The partial derivatives with respect to X, Y, Z give the similar results. We summarize them in the following. 
Remark 3 We can check that the following 5-tuples
solve the singular value problem trivially, and hence σ = 0 always be a singular value for the problem.
Remark 4
The formulae (1)-(4) can be rewritten as :
We can clearly see the symmetry between the pairs (W, X) and (Y, Z).
When W = Y , X = Z, we have the M-eigenvalue problem [7, 10, 11, 12] 
One can obtain the following properties of this singular value problem. Proposition 1. If W, X, Y, Z and σ solve the singular value problem (1) ∼ (5), and σ is nonzero, then 
Corollary 1.
From the Propostion 2, we find that (W − X),
also solve the singular value problem (1) ∼ (5). We can write out more 5-tuples that satisfying the SVP (1) ∼ (5) like those in Proposition 2, Proposition 2 and Corollary 1. For simplicity, we omit them here.
Remark 5 Proposition 2 can be derived from the definition of SVP directly, without using the symmetries of Riemann tensor. From Proposition 2, we find that the singular value σ can be restricted to be always non-negative.
3 Case study Example 1. Singular value problem of the 2 dimensional standard sphere.
The nonzero components of Riemann tensor read
Suppose that
solve the singular value problem (1) ∼ (5).
Then we have
,
One can check that
solves the singular value problem. According to the properties in section 2, we can write down more, for exam-
We omit them here for simplicity. Example 2. In the following we investigate the Riemannian manifold with constant sectional curvature κ.
The corresponding SVP reads as follows.
We can derive that
For the case of κ = 0, one can obtain that σ = 0 identically, and ∀ W, X, Y, Z ∈ T p M solve the singular value problem.
For the case of κ = 0, we know that σ = 0 is a singular value of the singular value problem from the remark 3. Besides, by proposition 1, when σ = 0, W, X = 0, Y, Z = 0. Using these, we have
From these four identities (10)- (13), we obtain
Using (10)- (13), we can also obtain
Taking into account the results above, we have
Substituting (10)-(11) into (9), we have
And hence, W, Y and W, Z cannot be zero simutaneously. So we have κ 2 − σ 2 = 0. That is, σ = |κ|.
Example 3. It's commonly known that the Riemann tensor can be splitted into trace and tracefree parts.
where C ijkl is the tracefree Weyl tensor. For the conformally flat manifold, the Weyl tensor C ijkl = 0, then the singular value problem reads
We seek the nonzero singular value. We can easily check that w, x = y, z = 0. Taking the inner product and using the unit norm condition, we have
In the following, we would like to derive some explicit expressions related to σ. We will derive the expressions for the terms R jl x j z l , R jk x j y k , R il w i z l and R ik w i y k respectively. The inner product of (14) with y yields
and the inner product of (16) with w gives
From the two equations above we have
Using the inner product of (14) with z, and (17) with w, we have
Using the inner product of (15) with y, and (16) with x, we have
Similarly, using the inner product of (15) with z, and (17) with x, we have
Therefore,
Substituting the above expressions for
Similarly, we can derive that
A by-product of (23) and (24) is that
It's hard to further simplify and derive an explicit expression for σ. In the following we consider three special cases to simplify the expression. Case 1. For the M-eigenvalue problem where W = Y and X = Z, we can check that (23) and (24) reduce to
Case 2. Suppose that (λ, y) and (µ, z) are the eigen-pairs of the Ricci tensor. That is, R ij y j = λy i and R ij z j = µz i . Let w = ±y and x = ±z. Then we have
Case 3. For Einstein manifold, we have
Then (14) And hence one can deduce that
Example 4. We consider the Schwarzschild solution. In the Schwarzschild coordinates, with signature (−1, 1, 1, 1) , the line element for the Schwarzschild metric has the form We have the following system of polynomial equations with seventeen vari-
.
together with the four constraints: Similarly, from the last four equalities, we have
Rewriting these four equations in a compact form, we have
Note that
The nonzero solution requires that det (SΛ ± iσI) = 0, or det (T Λ ± iσI) = 0.
Direct calculation yields that
A sufficient condition for the existence of nonzero solution is that the two terms in the right hand size of above formula are zeros. such that y = z and w = x. Under such settings, the SVP reduces to the following polynomial system involving the unknowns x, y and σ. is the Kretschman curvature invariant. Note that the constraints x, x = y, y = −1 give the same results, while x, x = 1 and y, y = −1 yield σ = 0. 
